Let / be an unknown entire function of a complex variable, and let s, t be real variables. We consider Jensen's functional equation 
Introduction
We consider Jensen's functional equation ' x + y\ f(x) + f(y) ( x, y are complex variables. One can prove the following theorem.
Theorem A. The only entire solution of (I) is given by f(z) = Az + B where A, B are arbitrary complex constants.
Proof. The proof is clear from operating d2/dydx on both sides of (1) and setting y = x in the resulting equality. G
In what follows / denotes an unknown entire function of a complex variable z.
In this paper we shall give a new generalization of (1) . To this end we start with a few preliminary remarks. We consider the following two Cauchy equations (cf. [1, pp. 31-42; 2, pp. 11-24]) and the quadratic equation: (2) f(x + y) = f(x) + f(y) and (3) f(x + y) = f(x)f(y), (4) f(x + y) + f(x -y) = 2f(x) + 2f(y), where x, y are complex variables. If we replace x and y by s and it in (2) (3), (4) , respectively, where s, t are real variables, and we take the absolute values in the resulting equations, then we obtain the following three functional equations:
where s, t are real variables, and |/(5 + it) + f(s -it)\ = 2\f(s) + f(it)\ (cf. [8] ).
In [6] to [5, 7, 14] .
In a similar way, replacing x and y by í and it in (1), where s, t are real variables, and taking the absolute values of the resulting equality yields the functional equation /(*) + /(*<) I (5 / (4*) where s, t are real variables. In this paper we shall solve the functional equation (5) . In fact, we shall prove the following theorem. Theorem 1. The only entire solution of (5) is given by f(z) = Az + B where A, B are arbitrary complex constants.
In [9] the functional equation (6) / (i±ü)
As) + Ait)
where s, t are real variables, was solved and the following theorem was proved.
Theorem B. The only entire solutions of (6) are given by f(z) s 0 and f(z) = e'e cos(az), where 6 is an arbitrary real constant and a is an arbitrary real or purely imaginary constant.
In the following we shall obtain a new generalization of (5) and (6), proving the following theorem:
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Theorem 2. The only entire solutions of the functional equations As) + f(it)\ (7) '(t2) m where s, t are real variables and m, n are arbitrarily fixed positive integers, are given as follows: (i) Ifm-n, i.e., m = 1 and n = 1, the only entire solution of(l) is given by that in Theorem 1.
(ii) If m = 2n, i.e., m -2 and n = 1, the only entire solutions of(l) are given by those in Theorem B. (iii) If m ^ n and m/2/i, the only entire solutions of (7) are complex constants with modulus 0 or 1.
The purpose of this paper is to prove Theorem 2 by using Theorem 1.
Proofs of main results
To prove Theorems 1 and 2 we shall apply the following lemmas. Since the ring of all entire functions has no divisors of zero, by (13) we can divide both sides of (12) Proof of Theorem 1. We introduce the function g which is the conjugate function of / (cf. (15)). By Lemma 1, g is also an entire function of a complex variable z. Our aim is to prove that f'(z) = const. Squaring both sides of (5) for all complex y. By (15) and (23) we obtain (25) g(z)?0.
Since the ring of all entire functions has no divisors of zero, by (25) we can divide both sides of (24) by g(y). Hence we have
for all complex y . Differentiating both sides of (26) yields
for all complex y . Differentiating both sides of (22) with respect to x and setting x = 0 in the resulting equality yields
for all complex y.
Since the ring of all entire functions has no divisors of zero, by (25) we can divide both sides of (28) Case B. If m = 2n , i.e., m = 2, n = 1, the proof follows from Theorem B. Case C. Let m ^ n and m^2n . In this case we introduce the conjugate function g (cf. (15)). By Lemma 1, g is also an entire function of a complex variable z .
Our aim is to prove that / is a complex constant with modulus 0 or 1. Squaring both sides of (7), using the formula |y|2 = yy for all complex y, and applying a similar method to that in the proof of Theorem 1 yields (31) 4"(f(x)g(y))m = ((f(x + y)+ f(x -y))(g(y + x) + g(y -x)))"
for all complex x, y . Setting s = t = 0 in (7) and using the hypothesis m ^ n yields /(0) = 0 or l/(0)| = 1.
We discuss the two subcases of Case C. By (40) and (61) we obtain f(z) = e'e , where 0 is a real constant. Consequently, / is a complex constant with modulus 0 or 1. D
